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Abstract: The transmission and control of malaria may be represented by a vector-host deterministic model, with
treatment and prevention serving as the controls. A new preventive function, an essential tool in the battle against
malaria, has been added to our model, bringing attention to the importance of prevention in lowering vector populations.
An additional innovation is the use of a new treatment function. This reflects the reality that only a fraction of the
infected population has access to treatment at any given moment. The key to successfully controlling malaria is
increasing this fraction. Finding the right mix of preventive and treatment is essential for successfully reducing malaria
transmission, and optimal control strategies help with that. By simulating the optimality system's solutions with different
parameter values, we find that adjacent communities may greatly decrease the prevalence of malaria and, with the right
measures taken, might even eliminate the disease entirely.

Keywords: Malaria Transmission Model, Saturated Incidence, Optimal Control Formulation, Pontryagin's Maximum
Principle, Forward-Backward Sweep method

Introduction

Approximately 200 million people are always at risk of contracting malaria, making it a major cause of death and
disability in tropical and subtropical areas worldwide. The disecase has a disproportionately large effect on Africa.
At least one million people die from malaria every year in Sub-Saharan Africa, according to the World Health
Organization (WHO), and the number might rise sharply as a result of ongoing climate change. The illness is still going
strong and is a major social and economic problem in poor nations.Plasmodium is a genus of protozoan parasites that
may infect humans via mosquito bites. Human malaria is caused by the following species: The most common tropical
parasite, Plasmodium falciparum, which is also the deadliest; There are two types of malaria parasites: Plasmodium
vivax, which is the most frequent kind but seldom lethal, and Plasmodium malariae, which is uncommon but may cause
low-grade parasitaemia that can persist for decades, especially in Africa. Although infections with other species may
sometimes reveal Plasmodium ovale, which produces clinically relevant but not severe illness, it is not always the case.

The female anopheles mosquito is the vector for transmitting the Plasmodium parasite (Putri and Jaharuddin, 2014).
When a vector bites a person with the virus, it becomes infected.Bite severity, when it occurs, the vector, the host, and
environmental conditions are all influenced by the Plasmodium parasite, which may bite either people or animals (WHO,
2019a). Bite timing is also a role. Mosquitoes inflict malaria when they inject people with saliva that contains
sporozoites. Within 30-60 minutes, these sporozoites are transported to the liver.After invading the liver hepatocytes, the
worms proceed through an asexual reproduction phase, when they produce 8—6 merozoites, which then infiltrate the red

blood cells.

This ongoing process is what really causes malaria infections. Malaria is characterized by a high temperature, chills,
headache, vomiting, anemia, diarrhea, liver damage, and neurological symptoms (Adamu et al, 2017).
The best way to prevent illnesses spread by mosquitoes is to take precautions on an individual level. Using insect
repellents is one way to protect oneself. These are chemicals that may be applied to exposed skin or garments to repel
mosquitoes. Using them won't really kill mosquitoes; they only keep them at bay. Indoor residual spraying and
insecticide-treated bed nets are two other methods for personal protection. There is evidence
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that shows a decrease in malaria cases when persons
use ITNs.

half the morbidity of malaria in children less than five
years old and a 20-30% reduction in child mortality
worldwide (Binka et al., 1996). Integrated pest
management systems (ITMS) are seen as effective
instruments for controlling malaria vectors when
implemented on a grand scale. But the pesticides used to
impregnate the nets have a limit: resistance. In certain
West African nations, notably Ghana, the most
significant malaria vector in Africa, Anopheles gambiae
S.1., has already developed resistance to pyrethroid. Mass
spraying of endemic regions is only one of several kinds
of government action. The number of vectors is reduced
as a result of several of these preventative measures.
In order to better understand how infectious illnesses
propagate, mathematical biologists and epidemiologists
often use mathematical models. An early malaria
researcher who used mathematical models to investigate
the disease's transmission mechanisms (Ross, 1911). A
differential equation model including standard incidence
and some biological variables, such mosquito bite
frequency, was the focus of his study. Inoculation of all
mosquitoes is therefore unnecessary for the eradication
of malaria. Researchers have created and examined many
malaria models. Also, other researchers have looked at
malaria epidemic models and used optimal control
techniques to them in order to find ways to manage the
disease via treatment and prevention. (Adamu et al.,
2017; Bakare and Abolarin, 2018; Bala and Gimba,

2019; Blayneh et al., 2009; Nana-Kyere and Doe, 2017,
Yusuf and Benyah, 2012) and others are notable within
this group of works.

Formulation of the Model

We formulate an SEIRS-SI epidemic model for the
spread of malaria in human and mosquito populations,
respectively. The compartments in the human population
consist of susceptible individuals Sy, exposed individuals
Ey, infectious individuals I, and recovered individuals
Rj. The total human population Np(t), at time ¢, is given
by

Np(t) = Sp(t) + En(t) + In(t) + Ru(®)

Similarly, the compartments in the mosquito
population are susceptible vectors S, and infectious
vectors I,,. The total vector population N,(t), at time t,
is given by:

Ny(8) = Sy(t) + 1,(t)

Movement from the susceptible classes to either the
exposed class for humans or the infectious class for the
vector population depends on the biting rate b of the
mosquitoes and their transmission probabilities Sy, Sy
respectively. The biting rate b is defined as the
averagenumber of bites per mosquito per day, while the
transmission probabilities

Br B, 1s the probability that an infectious bite produces a new case in a susceptible population only.

This model is related partly, to the one in Esteva and Vargas (1998), where they assumed that apart from humans,
the mosquitoes have alternative hosts available as blood sources (Esteva and Vargas, 1998). Let m be the number of
alternative sources for a blood meal. The probability that a mosquito chooses a human as a host

over the other sources is given by _V* . The probability
Np+m
that an individual receives a bite from a mosquito per unit

L bNp. N .
of time is given as (C %) (C ™) and the rate at which a
Np

susceptible human is being infected is (ﬁﬂbll).

Np+m

For the vector population, susceptible mosquitoes become infected when they bite an infected human. Once infected,

they remain infected for life. The probability that a mosquito takes a human blood meal is (

time and the NraJEe at which a susceptible vector is being infected is (
h+m

bNp

) per unit
Np+m

Bublp )

In the absence of vaccination, the key intervention strategies for the effective control of malaria are prevention and

treatment.

Prevention as a Means of Reducing Vector Populations

There is less chance of human interaction with mosquitoes when there are fewer of them, which is why several
preventative strategies, such as Indoor Residual Spraying (IRS) and Insecticide Treated Bed-Nets (ITNs), work to reduce
the mosquito population. Malaria can only remain if mosquito populations reach a certain level, according to research by
Ross (1911) (Ross, 1911). The inclusion of a term that illustrates the role of preventative initiatives in decreasing
mosquito populations is a significant novelty in our model. The fraction of the preventive effort that goes toward
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lowering the populations of vectors is represented by ca, where 0 < ¢ < 1, with a prevention rate of «a per unit time. If the
vector's natural death rate per capita is ua, then the total per-capita death rate is defined as:

fy + ca (D
For instance, ¢ = 0 corresponds to protection methods like mosquito repellents applied to exposed skin to prevent

human-mosquito contact. These do not kill mosquitoes. However, the other values of ¢, (0 < ¢ < 1) corresponds to the
use of prevention methods like IRS and ITNs, which kill the mosquitoes and thus, help to reduce their population.

A Novel Treatment Function

Effective treatment of malaria includes the use of appropriate medications, especially, those recommended by WHO
(2019a). In all the models reviewed, the treatment (recovery) term is given as:

Table 1: Description of state variables State variables Explanation
Sp(t) Susceptible humans at time ¢

En(t) Exposed humans at the time ¢

In(t) Infectious humans at time ¢

R(t) Recovered humans at the time ¢

yIn(2)S,(t) Susceptible mosquitoes at time ¢

L,(t) Infectious mosquitoes at time ¢

where y is the per-capita recovery rate and I, is the total infective population. The treatment term given above, implicitly,
assumes that treatment is readily available to all infected individuals. In fact, there are many instances in which those
infected do not have ready access to healthcare facilities. Besides, there are individuals who cannot afford the cost of the
medication. The reality of all of this is that, at any given time, only a proportion k, of the infected get effective treatment.
Another innovation in our model, is we replace Eq. (1) with the term:

y(ln) 3)

to show that, at any given time, only a proportion of

Table 2: Description of parameters used in the model in Eq. 4 Parameters Detailed explanation
Ap Recruitment rate for humans

Ay Recruitment rates for mosquitoes

Br Transmission rate from infectious vector to a susceptible human
By Transmission rate from infectious human to a susceptible vector
Un Per-capita natural death rate for humans

é Disease-induced death rate

Y Per-capita recovery rate

a Prevention rate

ca Prevention efforts directed at reducing the mosquito population
oy Natural per-capita death rate for mosquitoes

(ty + ca) Total per-capita death rate for mosquitoes

Un Per-capita natural death rate for humans

w Rate ofloss of immunity for recovered individuals

b Biting rate for the mosquitoes

m Number of alternative hosts for a blood meal

Pn Progression rate from the exposed state to the infectious state

e .infective . lation  receives  full treatment.
earing in mird pﬁlat, all "unfreated cases becomeLatent period
reservoirs for mosquitoes to further transmit malaria to healthy individuals, part of our strategies for eliminating
malaria in our communities, will be to ensure that treatment is readily available to all infectious individuals.
Taking into consideration the aforementioned, the description of the SEIRS-SI model is presented in Fig. 1.

The resulting system of non-linear ordinary differential equations with saturation incidence is given as:c A constant 0 < c < 1
K Aconstant 0 < k<1

The description of the state variables and parameters for the model are defined in Tables 1-2.
where:

Np(t) = Sx(t) + En(t) + In(t) + Rp(t)
Ny(t) = Su(t) + 1,(1)

Let:
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S =A_ gublsy _+m)S
+4wRq1 =u+t@ON n by ok h hBnblnSid,= Hpt prEn = . — (n+ pr)En

In=prEp— (up+yr + 8)Ip
Ry = y(klp) + aSp — (up + )Ry

@qz = pp+yc+6

qs = Uptw v )

qs = #ZI-I;_ caS,= A, BblS, (#Nh+m+ ca)S,Then, Eq. (4) can be written as

— PvPlpoy

Le@is =1 Yos, S

wR q /
v v

{ UNp+m h hNh+m 1h h E = BbI1S, _q B

ko Nm 2 h
Iy = prEp — qslp
Ry =yl + aSy — qaRp(6)

S =A BubIyS,

| B.bI,S T;B hleh'-anbg
I =" —q 1

{ vNp+m v

Fig. 1: Schematic diagram for the dynamics of the SEIRS-SI epidemic modelModel Analysis

In order for the model in Eq. (6) to be mathematically and epidemiologically meaningful, all the populations and
subpopulations must be non-negative for t > 0. This can be achieved by determining an appropriate feasible region, for
the model in Eq. (4).

ositivity of Solutions

The following proposition would be used to investigate
Sp(t) = e

& ey trknpem(11)
the positivity of the solutions of state variables for #>0.

Proposition 1 (positivity of solutions). Let:That is:

B brmax

0:= 0 X 0, € R XR2Sy(t) = Ae—("2—+@ut+a)tvpm(12)
where:ad,where, A = ek. From the initial conc}tition, we have

S,(0) = A. This implies that:max
Dp={(SnEnInR)ER:S, +Ep+ I+ Ry < u )3

Sand:Sh(t)}% Shg))f(s(ﬁh;lseﬁz(ﬂsia}%m >0 (13)

The time derivative of E}, satisfies:

bW Uy + CadE, zvghéygh . (#+ p YE= —(u+ p YE(14)dtn,+mn h hhh h
Suppose that the initial conditions satisfy: It follows that:
{Sh(o) > 0' Eh(o) 2 0' Ih(o) 2 OrRh(O) 2 0! SU > O' 11](0))
>0}en

> —(un + p)En(15)
Then the solution set:
{Su(t), En(®), In(0), Ru(0), Sy(t), 1,(t)} for Eq. (6) satisfy:Separating the variables gives:
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{S @®>0E (t)=0,I (t)=0,R (t)>05(t)> b > —(uEs+ pp)dt (16) h
0,I,(t)=0}forallt>0

>
>
<

Proof. From Eq. (4), the time derivative of S}, satisfies:Integrating gives:

lnEh > —(up+ppt+k (17)dS _f_)h ~(n +a)S +oR
dt N +m 0 h «(7)Exponentiation gives:
> Bbl g
—(0 +Q)SE (t) = e~ tpnttk (18)
N, + mn h ih

where, k is a constant. The expression can now be written as:
It follows that:

Ep(t) = Be” P (19)ds, _ - pub- ;T @)
S(8)ey,+Where, B = ek. With the glven initial condition

andatt =
Separating the variables gives:0, we have E,(0) = B.
Therefore:
i_sh > _ (_@hb_ & (u+ @) dt = “
Nytm ¥V RE () = E (0)e-ntPOE >0 (20)
b
—( B Imax + (uNp+m v '+ a))dtn h
Similarly, it can be shown that:
where, Ima* is the maximum of [ithe interval [0, T].—(u+yrt
v v
Integrating both sides gives:[,(t) = I(0)e= 0 21
lnS _ (b Jmaxdt + (u+ a)t) + k =and:
(ﬁh”’ N A0 L e 4 (10)R (&) =R (0)e h >0 (22
Np+m
where, k is a constant of integration. h
(. Mt (u tac - publ
Exponentiation gives:S (t% > S (0)enp+mv= 0 (23)
nd:__4, 4 >N ()< V=0
Ly(t) = 1,(0)e-@tadt > 4y  py,+ca vu,+ca

Proposition 2 (invariant region). Theregion 2 = 2 X
0, defined by:That is, if the initial vector N,(0), lies within the feasible region £, then N,(t) lies in the feasible region
for the all-time t > 0: A

Q ={S ,E,I R )R :S+E+I+R< 2,8

limsupN (¢) =
hup (h)h

b+ bR Rh o COL
>0,E,>0,1,>0,R, >0}
The vector population is bounded above by its

and: carrying Ky 4y pytca
={(S,I )EIRZ S+I1_4, < ,5>0,I> 0}The region ) =, X (2, is, therefore, positively
v yv +ca v v

invariant. Hence, the model in Eq. (6) is mathematically and epidemiologically well-posed.
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Is positively invariant under the flow given by the system in (6).
Proof. Using the expression for total human population:

Ny =Sy + Ep+ I, + Ry, we have:Equilibrium Points

Without loss of generality, we determine the equilibrium points of the system in Eq. (6), with k¥ = 1. The
equilibrium points are the solutions of:
N,=S +E +1 +R=A—pu N_—6I(2
e T T e e hhSuh= Eh=§(=15?)= S=I1,=0 (29)
From the last equation in Eq. (25), we obtain we obtain:Ny + upNp, = Ay — 81,
Np+upNp < Ay

(26)
The system has unigue disease-free and endemic equilibrium points denoted respectively, by:
60 = (89, E0, 10, R0, 50, ]0)
Using integrating factor e#t, the solution of the linear system in Eq. (26) gives:
and:h h hh v v

N () <™ 4k et (27)0" =(8",E",I",R",S",I")
”hlll h h h v v
where, the constant k =N (0) — ﬂ. Substituting intoThe DFE is given by:
1 h
27) andrj:—arranging givesuv@l = Ayt ) ,0,0, A”Of. —, L 50) (30)°  p(arurrw)pun(atunte) actu,
N (&) + (*2 = N (0)) e~#f < 74(28)The endemic equilibrium point is given by: " hu®=(S", E", 1", R",S", ")
The inequality in (28), shows that: w h e

A A
N (0) < 2= N(t) <7, ve = owhere:(K, + m)2q2q3q2(q29344 — Yiwpn)
Up

5

o _ 020304954108y (Ky £m) " Ab2BrBupn(d2q3qs — YKwPR)
That is, if t‘?le initial population N(0), lies within the feasible region 25, then N(t) lies in the feasible

region+bf,q2q3qspn(Kn + m)[q1q4 — aw]

for the all-time t > 0:

(9 ¢?¢*(K +m)2(q g— aw))

35 & 14
) A,

h lllgllsup'{VvL(j%f,} th_f\ A bZB Bpagg

B = A g 4 yxwp )

h v h2 3 4 h

The host population is bounded above by its carrying+bfB,q2q3qspn(Kn + m)[q194 — aw]
(79 (K +m)2*(q1g4—aw)) - 235
?aBacity K= _h.m,;/\vl\ BB, A . b q

Similarly, for the vector population, it can be shown that:" A58 B p (g4 ¢ “vkdp J+6B g4 g p (Khtim)l|qq —0ol]

K pm)qqq(ag syeg )+
h__v b v h h v o h 3 h
o G'="FV s
AABB B yxp?+AabB pqqq (K+m)is called the next-generation matrix, (Diekmann ez al., 1990).

hOADBBLp h(‘lz‘h‘h —YKOP h) +bB,q-q:95p /,(Kh + M)FLq 9 4*0«(0“
AbB, (Nh + m)quz% 4s—YKOp, | | The entries of the matrix give the rate at which infected individuals

eigenyalu G d

of statej generate new infections of type i. . .
S =tqqq (Kh+m5@r{tqgg—aw Tﬁe‘%asm reproc?ucggn number Ro, is the dominant
oted b éG o T :
= 2 3 4
wl o n v 4 R = p(G) = p(FV-1)(32)q q qz(K +m) [gg-aml-AABB B gp
I'=355s Lo w » » « JOne important aspect of the basic reproduction

bRigs (Kh+m)l| gxq3qa—ycop, ||+ Ab?B, B,gap,
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The Basic Reproduction Number

In epidemiology, the next-generation matrix is a method used to derive the basic reproduction number, for a
compartmental model of the spread of infectious diseases and the method is given by Van den Driessche
andnumber is that; it determines whether a disease will persist or die out if there is an outbreak or there is a small
perturbation of the system. Therefore, using the next- generation matrix approach (Diekmann et al., 1990) the appearance
of new cases of infections F; and the rate of transfer of infectious from one compartment to a different one in the systems
V; for Eq. (6) is given as:

Bpblyspy
Watmough (2002); Diekmann et al. (1990). Many ofK + m(p, — un)Ep
today's most important emerging infectious diseases aremulti-host infections by their very nature. As a result,l h

Fi=| 0 |andVi=[(8+xy+unls

they require a slightly more complex formalism for investigating epidemic thresholds, etc. The basic tool forl BubInSe|
[Kp +m](uy + ca)l,

examining epidemic thresholds in complex, structured models is the so-called next-generation matrix. Consider a
population of individuals (or species) subdivided intoThe corresponding Jacobian matrix F and V evaluated at the DFE
respectively is given as:

SpbBy n compartments, of which m gre infected. ]Let xrepresent the
proportion of the population in the ™0 OF =KpHm]|
compartment and let the vector of the proportions in all the compartments be |0 0— 0 IO
v 170 x
In order to compute Ro, it is important to distinguish new infections from all other changes in the population.and:[
Kp+m ]
Let: Un + pn 0 0
. Fi(x) the rate of appearance of new infections inV = [—pn 8+ ky + un 0 ]
0 0 ac + W,

cor(n artment {The next generation matrix G = FV~1 is given as:

. V+® is the rate, of transfer of individuals into(A ¢ + A ®)b
icompal menatfby aHo het means angf1 0 ( Ko™ i )hﬁ r|P1 |

. V- is the rate of transfer of individuals out ofG =| 0 0 0 |

compartment i

It is assumed that each function is continuously differentiable at least twice in each variable. The disease

where:| A,bB,01
[ WalbBe |
¥ 1
transmission model consists of non-negative initial conditions together with the following system of equations:¥1 = (ac
+ ) (apn + p2 + ppw) (Kt m) h

X = fi(x) = Fi(x) =Vi(x),i=1,..,n (BD¥2 = (ac + uy)(8 + ky + up) (Kp +m)
The eigenvalues obtained from G are:

where, V, =V -V} We define the matrices: pAub?BpBu(y + w)py,
OFOVR (a) = Ha+ pw)(§+ky +u Yu+p )

F = [—i (E9],V = [—i (E9]n h h h
ox jO
3@3()%)h=er’éh(§c + 1) 2(Kp + M2 ApAb?BuBuuntw)pn 0x;
denotes the disease-free equilibrium and the2v/ (@t w)(6+er-+u) uitpwindices i, j =1,---,m. The matrix G, given by:
pn(actpy) 2(Kptm)?
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he spectral radius is the dominant eigenvalue obtained in Eq. (33). The basic reproduction number, with prevention at
the rate a, denoted by R,(a), is given by:

Theorem 1. The disease-free equilibrium point for the model in 4 is locally asymptotically stable in 2 if R,(0) < 1

and unstable if R,(0) > 1.
Proof. The Jacobian matrix J, for linearizing the

‘Ro(a) =__ ApApb?BnBr(untw)pn
Vin(ac ) (Kibm) (@) G+He+un o (34)system of differential equation in Eq. 4 at the DFE, with
a = 0, is given by:

The corresponding basic reproduction number without-1,b8 _ u 0 0 w 0 _ ShbBh
prevention (a = 0) is:
‘ Kn+m | h
Kn+m ‘
A;.AvaB;B o, ((1)3!) h, |K +m- qz2 0 0 0SnhbBh k +m !
h h
\
0 w, (W)2(K, +m)P(S +ky +p,)(1, +p,) j=18 g s 0 0 0 h
. S b -q 1% 0
From Eqgs. 34-35 it is easy to see that' 0 o -0 } - vo0 K_fL ! K_+L ‘
R (a) <R (0) (36) " nm
K +m1,b8, K Orm 0S8, |
- WThé inequality in indicates that it is easier to control IL
the spread of an infectious disease when there 1s» & I

prevention than without prevention.
The Endemic Equilibrium Point Expressed inEvaluating /at DFE gives:

J(@) =
Terms of Rof~try 5 & +rgm 0 = L
| Using k¥ = 1, the endemic equilibrium is expressed in terms of the basic reproduction number as fellow:A(q ¢ ¢ — wp
)
| 0 _qZO 0 q JEMLI |
(e I o 0 0 o |
Ph —q3
38
2 3o h o 0 Ky —q4 0 o | 38)
+Bq R:A(@)(q q —yw) _AbBy
S = 4,0 14 0 Kt —ly 0
CR*(@)(q g, — yw) At by
o 14 0 0 —ovEer 0 0 —
. DR (@ - 1) sl (K +mp Ho
v h
h I" =—C
Dgs(R2(@) — 1)~ CThree of the eigenvalues of J(6)) is given as:
App(aqs —yeq)«  +(Apn + BYRH(@)(q q— aw)lip3 = —py,—pp —(up + @) <0 (39)
Respectively We now use the corollary of gershgorin's
R =
¢ CRY(@)(q194 — aw)
circle theorem fgiven in Appendix A, to establish thesR?(a) + AqS" =04 Hq
R2(a)stability of the 3x3 sub-matrix ]3(0{0), given by:
5 o—p— #0 _ApbBp
. DRE(x) —1) =-h h n(Kr+m) gl 3(@0) =pp =8 — Ky — tin 0
(40)ywhere: _AvbBy
Kntm)f,— U

JA=4 A b2B B pApplying the corollary of Gershgorin's circle theorem v » o the Jacobian matrix J (« )
gives the inequalities.
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B=  Byou(q2q3q wpp)3 bp - '

Abg, P Buntadsas i+ m)l(%m ~ Yo uh)fKL G+ ley + s (43)cx,
Prd2qs ™M ) < —pn P
qs(Kr D = q2q3q5 (Kp + m) (9194 — aw) (42)

+m) G = AbBr(Kn +m)(q2q394 — Y@Py) Local
¢ = H= Ath,Bh.vahqél- + b.thS(Kh + m)(q2q3q4 - StabZth Analysis_/ly _(%)

AP yawpp 3TN
Stability Analysis of the Disease-Free Equilibrium Point

The following theorem establishes the local stability of the disease-free equilibrium point. The above inequalities can be
rewritten respectively, as:

b
N e
1> (_PLL (452(5+x}/+#h)% > (P By YA6)Kn+mu?
(GR R (@b
i <_H(Kh£1a2q(5+415) ()bB q (s 3) ° 5 4 o0 v s

Multlplym% the inequalities 44-46 gives:

—gs < — 2(a)q +Aq ) R*(a)bB q Z3H(Kh+m) H(K3+m

1> AhA:bzﬁ}quphz

o 5 4 o v 5(85%)\

= RA(0)(47)uw ki+myThe inequalities in Eqs. 51-55 can be rewritten respectively, as:

This implies that:(qg+ Z ) — (w + )>0 (56)
11
R2(0) < 1(48)ckn+m)
This shows that all the eigenvalues of the 3x3 sub-g,— (Z;+ Y>>0 (57)

C(Kp+m)
matrix in (40) are negative, or have negative real parts. Therefore, DFE is locally asymptomatically stable.qs— pp> 0 (58)

Local Stability of Endemic Equilibrium Pointg: — (@ +xy) >0  (59)

7 Tlle(following theorem est)agliéhes the local stability(q(Gr*(@)q +4q YRA(@)bB q

. _ 3\ o 5 4 o v 5 (60
of the EE, with k = 1.
Theorem 2. The endemic equilibrium is locally asymptotically stable in 2 if Ro(a) > 1 and unstable if5 3

H(Kptm)
GR? Aq YR*(@)b,
(GR*()q +Aq ) ((24_!:” —-( +2)>0 s o 5 4 o vs 5 61)
R(a) < 1.
Proof. The Jacobian matrix evaluated at the EE 0. is:Adding thezlne 1%%})1[}168 in E )561 )% ] Bglves
(0) 27"3 2— 24 7, > (62)-Z—q_« C(Kh+m)H(Kh+m)
)20 g2
Zy -2 0 0 0
‘ 0 pp —q3 O 0 o |
IC(K,,am)] 0 Ky —q 0 0 |
j—TLO; | 0 _ZZ 0 —Z3 — (s 0 I
féog” 0 z; 0 Z3 —qs5 ]
(49)where:
Zi=q1+qr+q3+qs+2q5s+w+pp+ (@ + ) (63)_'_2 (+—) +2 ((GRZ(a)a +Aq )R*(@)bB q s
C(Ky+m)
H(Kpt+m)
The inequality in (64) can be rewritten as:
where: Dbp Db
iRz(a) _ )gi v43 h
r ((qq aw)BRZ (d)g +(q99 —krop )4A)(gq —00) R (a)bBckprm)H(Kptm)
( l)DbB, 1 0 Since Z4 > 0, then the inequality in (64) is satisfied
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zZ =

H(Ky+ m)provided:

(G (a)q +4q )R (@)spra(R2(a) — 1) (2

e C(K +m)H(K +m)

2 H(Kh+m)
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DbB,a3 DbBy

+2 )>0 (65)
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:(R%(ot)—l[Db[qusZ3 C(K +m)

h

Using the corollary of Gershgorin's circle theorem in Appendix A, we have:

—(qtZ)<—(0+ ) (50)cki+myzAgain, the inequality in (66) is positive if:
R()-1)>0 (66) o
That is:
R(a) > 1 67) o
Or equivalently:
Ro(a) > 1 (68)
Hence, the endemic equilibrium is locally asymptotically
—q2<—(Z1+C(Kh—im) (51
—q3 < —pp (52)
—qs < —(a+xy) (53)stable provided R,(a) > 1 and unstable otherwise.

Global Stability of Disease-Free Equilibrium Point

In order to ensure that DFE is independent of the initial size of the sub-population of the model, it is

necessary to show that the DFE is globally asymptotically stable. One of the approaches to studying the global
coCztin(n + aw)(uy + ca)(Ky +m)

B bA (u +w) h h h
asymptotic stability of DFE is to construct an appropriate Lyapunov function (Lazarus, 2018). The followingcico(uy

+0p)

p h
theorem describes the 1ﬂgEobal stability

Theorem 3. The DFE is globally asymptotlcally skablecz =c1(up + 8 +yK)(Uy + ca)(Kp + m)

in QifR, < 1.

Proof. Consider a Lyapunov function:v v

Substituting ¢, ¢; and c,into Eq. (73) gives:
V=cEp+cilp+cl,V=cu +p )[M —1]E0 nh  heopn(untpn)
where:c1(up + 6 + yr) (U, + ca)

Gt B4 1) ) c >0,c >0,c >0+ci(upt 6 +vr) [ (Kitm)Bobdy, 1

15(74)0 1 2(Ky, + m)B,bA,
The time derivative of the Lyapunov function V gives the following expression:coB,8rb2A,Ar(in + w)pp

+ca2(uv + ac) [e1(pn + 8 + yi) (py + ac)?] In.
V= cth + cllh + czluh(uh + a + w) (K + m)?
v

Substituting Ep, I, and I, into the equation above gives us:Simplifying Eq. (74) gives:
V= c[@ﬁuygh _ w+p )E ] 9 B B b2A A (u+ w)p Kptmhkh hO v h
h

+e1lprER — (un + v + DIV = c2(uv + ac) [c1(un + 6 + ye)(uy + ac)?] I (75)
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Note that:+cz[ﬁ,,blh5E G
Kp+mv+ ca)l, |un(pp + a + w) (K + m)?
Again, substituting c1 and gs from Eq. (77) and Eq. gives:
§ % DY RN oo 5= —.(70)

tn(untata)? ptacV = c2(qs) [

0 v h hvh h h__ 100(#h+ph)(#h+5+}’l€)] I, (76)

Substituting Eq. (70) into Eq. (69) gives: (a5)°pnup + @ + ) (K, +m)?
V=c

bl Ap(uptw) + E (71 .

—fble ;ffiﬂ%@(ﬂ(%)hp 1)1 %Whl% zzan be expressed in terms of R? as:
+c[p E —(u +yc+ 6]l

1 h h h h

bIA,
P2, — (1, o
(", +oc)K +m)

+0.c) ]

V = co(uy + ac)[R2() — 11(77)
Grouping Eq. (71) into Ej, I and Iv gives:

V = [c1p, — co(up, + pr)]En(72) Therefore:

V=0 if 2=1
+E2L—cl(p +yk+d
h

1 :
| 01‘,,/ <0 if R2 < 1(7§)

)| ]

+ [c(p, + o) (K, + m)
— BibMpun + @) —c (u]
+ ca)] lo

Hence, the DFE is %lobally asymptotically stable in 2
O pn(un + a+w Kp+m)

2 v
if |2

Further simplification gives:o < 1
Global Stability of the Endemic Equilibrium
The following thegrem will be used to prove for Elobal
=c (u +p )" —1]Estability of the EE.
0 h h
+c1(pn + 8 + Yk [counton)2BubAvc1(up + 8 + yK)

11y Theorem 4. The EE is globally asymptotically stable
in Qif Ro(a) > 1.

(73)
(uy + ca)(Ky + m)Proof. We define the following candidate logarithmic
Lyapunov function as:
+C2([lv+ a'c) [ coBrbAp(uptw) _ 1] I

(mradununt + )Y KiPm) v

Considering the coefficient of I in Eq. (72), we
S
V=c (S =8 = S*'log™) + S

choose the constant cg, ¢1, c; respectively as:uwl [ S-S B bI;S, (E— E* — E”" log Iy 4 cal
ac)Sy)
h h h E« Sv) Kh+m(1 —I*NEbIS * Ih+C5|A|

v

v

| [~ (uy +
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[[v hv—(u + ac)ly)
ca(n— 1, — I, logf) L Jkytm

ca(Sv— S — S"logS, +Factorizing like terms gives:
. v SIS -8 (Bbr'S BbIS )

V=c| 1] ! Vlh_khbf,)h U(I%Z)wtm K, +m )

cs(Iv—1I, — I,log )

. . I
(s —S*\—C| h 11|[(M+a)(S—S )—(U(R —R)] ,
where, (c1, €y, €3, €4, C5) > 0, are to be determined. Note that V. =0 when  (Sy, Eh,Ih,Sv,1,) =1 S jhh 0
~EpbLs 1 , .
(S E E EB S, 1"y and V > 0, otherwise. Hence, V is c2| b g bl g —(n+ph)En |
h h h h v
radlally unbounded. We need to show that the derivative
V' > 0. The time derivative of V is given by: h Lo
I -1
+C3( ’ J[phEh—(Hh‘i'VK'*‘fs)lh] , )
gl— S !
re £ -
) E(T9)+c( S =S\ v [[bI" S ,
_ BwLS, ] v b v
1 s, h 2 h 3\ S JK, + m+m+ ;S =Su+a”
a-
) Tk €4t =) Sk es(1 =) Toe, <)(8,-5,)) S
I-r bl S
+es (L ”)[J’ by —(uy +a)l]
Substitute Sy, Ep, In, Sy, I, into Eq. (79) gives:y  Ki+m
( S - bI sMultlplylng out all of E g (82) is given as:
=C +a)Sp+w
N
-
cBOI'S® ¢ B bI'S?ciBubl Spc P bI'S?
L, L,  BrbluSh
%%Iﬁi{z R Y | [ 4 +m — (n+pR)ER] +263| 7 PrERK, + m(K, m)S,Kp+
LY R oY O S)+c1w(R -R') (-5 )
+}/K+5)I]+C(S =S, (w +n wa h
(A h P "
Ve Ktm?—S
cBbS I _CZBthShlthjKﬁ— h
S
((}VC)— ‘]\+ ([:i’vblhsz + ac)l ] @80) 2n nv n
p )E [ | - (li| —cu
5
K4m 0 Km)(Km)Er n n L ) h
h h h
¢3pnEn 1 +cu +p)E +cpE — "
Replacing A and A, with the corresponding values at the endemic equilibrium points givessA i h mec S bI° S*
\r 1 —c W +yk+8®+c (utyk+86) 1" +v e
R 3 h
Kp+m
V = c
b B,bLS, (x)S* -OR" | |
81)c ﬂ ZLI S B
s,
) LK, + w4 v oy v =CcaffvblpSy
3 ho, - +
(s —S\I[pboIS ]
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Kp+m)S,Kn+m 2Kp+m

@‘is*‘ LoR" htin +cay® — S Yc B bl ScsBoblnSy IK +min_ . svonw L JL o skt
h
m)l
"E-E\[Bours Tea| ||t (o DE |
—cs(uot ac) (ly— 1") ~ ()P EJLK, +m | .
— bl cancels

},1s cle }y sgen that when c =c,
1 aj [orER — (un +]/K + 8)Iplc2B bIuS caBubl SycsBubl Sy

hKh+m
h; when ¢4 = c5, —n
Kp+m
cancelsn
§h+mal’ldS -5 \Bhbl swhenc CZL‘Ahihl cp Eancels —Cp )E ‘+C4| v v |[ voh v o= ac)S |
L 5"

) K, +mEquation (83) now simplifies to:
o2 * 2
c(n 1“29:_5? CBOIS cﬁbIS; b 2w e+ a) (S, = Sp) +oBb I, S,

Sh Kh +m (Kh +m)S,,
cBBHIS T co® -R)S -S) cBbST =5,

th+m
S’h”EﬁF-I:me!zh h _h ho_ 2 h by
K+m I S(k +m)
h h h

*

Sh Epl" S——
Ilgst
h=hy + v h h h % % "
ot pIE (W Yk e BT S0 (Re=R (S =S )82 n v wtn m (84).
K, +m S,
c}(uh-l'gk-l's)lh apiE [{ *+53(Hh+yk+7)l - i—c3(pp + vk + 8y
+ -8y
ébl 6022 )Sw) +c[3bIS
v 4 v hov + v 2 h h v
SV (K, +m)S,BbIS cPbI'SIITS
Sv Kh+m

4 v hv__4v hv vhey

'K +m] [h(% +41;1§2Pf‘b§{h[sv—

h h v h ‘Sv I I* ka
Kh +m

v h v

From the Equilibrium points in Eq. (80), we obtain the following:—ca(uv + ac) (Jv — I D) (87)

Again, suppose we have the relation c2 =

(L +p)E* = ProSily *
04( u+ca (Kh(g,%) and ¢ = _cafyb s
b K, +m
c(W+yk+3) =c(u +p EBw S h
becomes:3 (un+yrc+8) (Kp+m)
3 K2k
c B bST I'E

P ET = (u +p X85)

h h
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* E
K +m
3 b h * 2 h h
E
_iz({lh +a)(s, — Eh %Viczﬁhb I, S,
« I" cBbS*I*I*E
Sh Kh +m " "
E, =2 by hn= -+ I E K 4+m [EWw En L Sy LEnie (u veayk +myh b b K
I g R
] 4 v h
b S (88)
v h
Now, we have: i .
B bl S +co (R, —R)I(S —5)
h v )
h h h
et (S-S ) 2
cBb
- B b s
K, +m S,
_c b * h
V=t +, Sz
v ook S +, v Sy (ua+yk+8 ) 1In
* ok % Sh
Kp+m* *(Kp+m)Sh N
Wi +yk +8 (K, +m)
c2nb Iv Shlv +cow(Rp— Rh)(sh_ Sh)
c2B8rb Sh [v
2 * ok 4
N (K +m)
+ea) (5. = e BbIS ol
Ky om) sy kv
* *4’ v * * * * * +
Sv Kh +m
EhShI,,
+cBrb Sh Lc2Bnb Sh I,
Ih Ep
c2Brb Sy, 1,
K +mK +m+—=
% « kK
SQS* ]*‘f 1h51/4‘h v E*V K K +m CBbIS
]712 2_ - - * R
c(u+ea)(s—S) * =S,
* gk
4 SKh+m4 v
v vtcafvb Ih va h v
c3(pn + vk + 81 —
+—Kp+m
—cq4(py + ac) I" .
caBub I SZ ok
cBbl ST —cpbl S
I 1S n v 4 v hov
it — -
_hcf* Vv*—l— h
ThisSimplifies to:
v ho v
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wQ s, — S )ep ol s (86)

This implies that:V =2 » v »+S, K,+m

s; ) E LS, ) Iﬁ,f’(Rh_R y(S —-S HHence, the estimated daily natural death p, rate is

[B-__ 1+
hooh o h . )
Sh ** IE S5 given as:
E, I, S, h o h
2 ® kK * 1
04(ul+ca)( SVS‘T YeaByb IS S IS
£10.000042808219
"2-_Y—_" "]-64x365
Sv Kh +m Sv Iv [Z S:
ca(py v
+ac) (17)(89)We assume that the birthrate = deathrate = py,.
The carrying capacity for humans K}, is given as
Substituting 7, into Eq. (89) gives:Ky,_ A
Ha —c2(urta)( S, — S*) +cpB b *ox *
V =
h 2 wl, Sy " . .
= = ecruitment rate is given by:
Sh Kh +m Sh
* * sz(Rh—R*)(S —S*)/lthhx,uh
Eh Iv Sh IhEh
— ] +
h h o h .
* * ]_E Sh
E, Iv Sh h h
ca(upt+ca)(S —S*) ’
*
cfb
Therefore, the estimated daily recruitment rate for humans is computed as:
v s & ol SV
S i .0 S - 1=S  * *K,+mdy =Ky X pu, = 28000000 x 0.000042808219. ~ 1200
\4 \4 v
The life expectancy for mosquitoes to live is 30 days (WHO, 2018). Hence, the estimated death rate for
v Iv Ih Sv
caurtpn) GutyictO)K* ( (un(uta+ )[R (@)—11) (90)mosquitoes was given as:
o bﬁhKIlh(#h"'Y"}g)(#h‘*'w)+wPh(lih+S)]+/1hb2ﬁh5v(#h+ﬂphﬂv =30 0.03

where, K = (u, + ca) (K + m).
CI(D(Rh—R ) (S

)
The remaining parameters A, b, By, £, ¥, @, @, 8 and
m were obtained by fitting the model solution to the
The terms  # h
Sh
is non-positiveobserved infection data.

35



Frontiers in Mathematics and Biostatistics
Volumel, Issue2, 2025

because Sx decreases monotonically S}, and R increases

monotonically to R}. The expression in Eq is, therefore, negative if R2(a) > 1.
Hence, (‘ghe endemic equilibrium is globally
asymptotically stable in 2, if R2(a) > 1.

Parameter Estimation
The main tool for estimating the parameters of the model given in Eq. (91), is the use of demographic estimates and

implementation of the least-square method approach in Python, using the daily confirmed cases in Ghana, obtained from
WHO from 2004-2017.

Demographic Estimates

Here, pre-estimating some demographic parameters such as A, and y, using information obtained from (FactBook,
2019; WHO, 2019b).

The total population of Ghana as of 2016 was given as 28,207,000 and the life expectancy at birth was given as 64
years (WHO, 2019b).Ghana Malaria Infection Data Sets and the Curve Fitting Process

The data for confirmed cases of malaria from Ghana obtained from WHO ranges from the year 2004 to the year 2017
and is shown in Table 3.
The data points in Table 3 is graphically represented in Fig. 2.

Table 3: Yearly Confirmed cases of malaria in Ghana from 2004-17

Years Confirmed cases
2004 475441
2005 655093
2006 472255
2007 476484
2008 1094483
2009 1104370
2010 1071637
2011 1041260
2012 3755166
2013 1639451
2014 3415912
2015 4319919
2016 4535167
2017 4348694
1408 4

BA12 x *
g 10000 | * 4

5; 8000

§ 6000

§ Aaooo[ *

S——p * X K

2000 . * .
2004 2006 2008 2010 2012 2014 2016
Time(years)

Fig. 2: Plot of average daily cases of malaria from the world health organizationOptimal Control Formulation

In this section, we formulate the strategy for effective control of malaria transmission as an optimal control
problem. We then use pontryagin's maximum principle to determine an optimal combination of the prevention and
treatment efforts needed to reduce the transmission. Numerical simulations will then be performed to determine the
evolution of the disease, over a finite time horizon.

Let uy(t) represent the rate of prevention and uy(t)
the rate at which infected individuals get treatment.
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Replacing @ and y in the model Eq. (4) with the

controls ui(t) and u,(t) respectively, gives:

= fitted curve
14000 * observed data
£ 12000 4
A%
o
-1’2 10000
5
3
NER
=
o
B 6000
&
g
48 4000
2000
d 2004 2006 2008 2010 2012 2014 2016
Time(years)
Z 1T 1T
{ Ry = kup()1n — unRpn — Ry + u1(6)Sh
bIyS. Kp+my + u1(t)c)S bIyS,
ﬁvbz_(uh v 1())171 zﬁvny_(u
+u (o)l v
Kp+m
v 1 v

We define our objective functional as

. . 1T

Fig. 3: Model in Eq. (4) fitted to the data in Table IJ(u ,u )=1 (T) +1 (T) + (B u2+ B u?)dt (92)
Table 4: Parameters obtained from the best fit and demographics Unitst 2 h -
v 2 Jo 11 2 2 . o
Parameters  (day-") Values SQ ngcre\:§W1th u ,u€ U, the set of admissible controls of the
i e o D Lebesgue measure is defined as:
Ay day11007.6970 Estimated from data
Bn day! 0.61844195 Estimated from data
Byday! 0.62695935 Estimated from datall = {uq(t),ux(t) € L'(0,T) V0 < u; < 1}
Hn day” 4><365)
act book) andd®HO)  0.00900000 Estimated from data
y day’I [0.1,0.2] Per-capita treatment rate
The terms  day’! [0.05, 0.8] Per-capita prevention rate

day! 0.03 Estimated from data

1 B) u? and ! Bdatsﬂ (B , B00100000  Estimated from data

day! 0.79276092 Estimated from data
js 0) day! [0,1] Constant of proportionality
m day! 3 Assumed 2 11 22 2 1 2
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Ln day! 0.07142857 Estimated from data

Figure 2 the blue stars represent the data points. The least square best fit is shown in Fig. 3.

A plot of the daily infection is shown with a representation of the data in Fig. 2 fit for the model is done using an
implementation of the least square's curve fit approach in Python to estimate a new set of values of parameters at a given
bound. The estimated values of parameters obtained from the demographic point of view were maintained. The best-fit
diagram is given in Fig. 3.

Figure 3 The blue star represents the data while the red solid colored curve represents the curve of best fit to the data.

The parameters obtained from the best fit and the demographics are given in Table 4.gives the cost associated with
implementing prevention and treatment. The choice of the quadratic cost for the controls indicates that the cost of
applying the controls is nonlinear. The interval [0, T] is the time horizon and T is the terminal time.

Also, In(T) and I,,(T)represent the number of infected humans and vectors respectively, at the end of the terminal
time.

The maximum values for u; and u, are denoted by
U1 max and Uy max TESpECtively.

The optimal control pair u* p* is given by: L 2
J(p" u") = min{J(u1,uz): (u1,u2) € U)} 93)usuz |
Existence of the Optimal Control Pair

The necessary condition for the existence of the optimal control pair proposed by Fleming and Rishel (2012); Panetta and
Fister (2000); Yusuf and Benyah (2012) is established in this section. According to Fleming and Rishel (2012), the

xistence of an optimal control pair (p* u*) is guaranteed

dﬂlzﬁhbly —Uu (t)) A

ﬁ bl A
hPtpt2 (t)/l],
1 2

by the compactness of the states and the convexity of the problem. Therefore, the essential requirement cited in=— [(

K ! d
h 4“1/71721 t
—==[-(up )1
U Kpy+m bt
+p A
\ﬁ;suf] and Benyah (2012) is given by:dth r 2 h 3 dis d,
—=——=—[wl-(w+pu )]
1. The set of all solutions to system (91) withgggﬁ _pbrt
corresponding admissible control functions in U is— = — [(4}l — (u+u (t)c) A_I_ B,bl, hié]
non-emptydtK, + mv1> Kp+m .
2. he state system can be written as a linear function ofdas _ _ [;Qh@l/,ll oy BubSndz _ (Ii+ u () ] (95)

the control variables u;'s, with coefficients dependingdck;+mk;+m
v 1 6

on time and the state variables
3. The integrand of J(uq,uz) is convex on U and is bounded above by:

B ||(w ,u )||? — BWith the transversality condition:

M(T) = 2T)=4(T) A5(T)=0, and

(96)

where:1 1 2 23(T)  A6(T) =1,
By, B, >0
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First Order Necessary Condition

In this section, we establish conditions that wouldOptimality conditions:
;H=Bu +(@1 -2)S —(AS +21)=0 —
u

oH !

11 4 1 h 5v 6 v

0]
help us solve our objective function. Using Pontryagin's Maximum Principles, the necessary

auz

=Bz + (A4 —A3)[p =0
conditions are derived using the following theorem by where, H is the Hamiltonian of the system given by:
Panetta and Fister (2000).

Theorem 5. Suppose (u’,u") is an optimal control bl

pp (H H ) p ]}}L:C%ﬂlz + Bau?) + A1 [Ap =t v h = ppSp —u (D)Sp +
pair, v;fith corgesponding optimal states, S"E*I'R'S"I" that
2

Kntm nh v v
wR 1+ 2 @Lush pIE]+Alp E=pl —
minimizes the ob jective flgHCtIOIlal in Eq. 92, then there® 2 k4mhh B h & h h

exists a co-state Varlables A h s&ch that the followingu, (&)1, — 81n] + A4lua(O)1, — unRy — Ry + ug(£)SK] +
BubInSy
B 1+ 2 TR -

[ (" +
necessary conditions are satisfied.svkj+mv 1w 6Kptm Y
State equations:
dSy, OH  dl, OHw()O)L)]
Solving Eqgs. 95-97 and for wuand ugives
where:
dt E bI,S
=21 —u (S +wR n = FrbloSn _ * * * ,
dt = u
0g1 2
respectively, the optimal controls:
G T a— -
Rh 1 Hdek +m (7»1 -0,)S, + (XSS‘, +Aql, )c
(- x}f*hb’vsh
h * * 3 4 h
d;u+ p )E
“t=p E—pu I-ku (0]
- 5Id_Rh _ 1
- 2
B, . . BO8)r  h hogh h b .
KU &t)l
—u
- a)R+ u (t)SdS,, — p BubluSy _
h 1 h dtv Kptm
H wos
dly. _ BublySy +u (t)c)1g94) .
Siftce tlhe Té#itrols are ounded, that is, 0 < u <
4
Vdt
Kp+mvl vl

Himax, 0 < Uz < Uomax the optimal controls in (98) are
With initial conditions:
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Sp(0) > 0,E(0) > 0,1,(0) > 0, Ry(0)
0,5,(0) > 0,1,(0) > 0
replaced by:

=2)S + (A S" +1
T

Co-state equations:

dly —O0H dd¢  —OHp* = min1

max {0, »

{4 h 5 v 6 v}

40



Frontiers in Mathematics and Biostatistics
Volumel, Issue2, 2025

Given by:dt
aSpdt____
ol,

* = min {max {0,(-2) I"
B>
Numerical Solution of the Optimality System

The two-point boundary-value problem given in
Egs. (94-97), was solved using the forward-backward
sweep method, developed by (Lenhart and Workman, 2007).
The values of the constants Bi, B, >0 in the
integrand are chosen first, to balance the units in the
objective functional. Secondly, varying the constants
during numerical simulations, show the effects of
emphasizing one control over the other.

The procedure outlined below was implemented in
Octave, iiMATIfAB -like, pubhc domain software. Choose
an nitial guess Tor M p,

Solve the state Eq. (94), with the given initial conditions
given transversality conditions backward in

ul(;})r)rllle,allljdocli%teﬂg}e (§§}?ression for

2e+06

1.5e+06
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-
w
+
°
!
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o
] 20 40 60 80
Time (Days)

q - q 1 4+ P &) LOA4
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with the new values of the state and the costate variables. Repeat steps (2-4) until convergence criteria are met.
Simulations on the Effect of Weight B1, B2 on Infected Human Populations

We investigate how different weight combinations affect the infected human populations.
We consider three cases: (a) By < B, (b) By = B3
and (c¢) B1 > Ba.
The numerical values of By and B, used in our simulations were selected from the set
{400000,800000}. These values were chosen first, to balance the units in the objective function and secondly, to
investigate the effects on the infected human populations, by putting different weights on each control.
The plots in Figs. 4a-c, show the infected human populations, when (Figs. 4a-c) respectively.
Figure 4, different combination of the weights reduces the human population respectively.
The plots in Fig. (5a-c) shows prevention functions, when; (Figs. Sa-c) respectively.
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populations with  Uimar = 0.5, Ugmaxe = 0.2
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Figure 5 giving equal weights, By = — B, reduces the vector population than giving different combination of the
weights.

The plots in Figs. 6a-c shows treatment functions, when respectively.

Figure 6, giving more weights to B1 reduces the treatment function than giving equal or more weight to B2.

Materials and Methods

In order to get a least-squares estimate of the model parameters, we utilized the WHO-provided annual malaria
transmission data for Ghana from 2004 to 2017. We developed an optimum control problem to find the best course of
action in terms of both prevention and therapy. The first-order required conditions were obtained by using Pontryagin's
maximal principle. The optimality system was subsequently solved using a forward-backward sweep approach.

Numerical Simulations
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Fig. 8: Optimal Func{ion with Uynax = 0.5, uzmax = 0.2; (a) Optimal control function u4(t); (b) Optimal control function u2(t)

Uimax = 0.5, so that uype, Sy represents a maximum of 50% of the susceptible population using adequate prevention
methods. uzmax = 0.2, corresponds to a treatment period of about 1/0.2 =5 days and weights
B1 = B2 = 400000.

Simulations on the Effect of ¢ on Infected Vector Population

We investigate the effect of the parameter ¢ on the vector population using increasing values of ¢ = 0.0,0.1,0.2 ,
with the following fixed values of
Uimax, Uzmax and k.
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ig. 9: Infected human populations  with differential treatment regimes

Uimax = 0.5, so that ujpg, Sy represents a maximum of 50% the susceptible population using adequate prevention
methods.

Letk =1, sothaty X (kl) = ylj,, gives the best scenario for treatment availability.

Figure 7 shows a plot of the infected vector populations, with ¢ = 0.0,0.10,0.20 respectively.
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Figure 7, we notice a dramatic reduction in the infected
vector population, with increasing values of c.

The corresponding optimal control functions are displayed in Fig. 8a-b.

The control functions prevention piand treatment y2 in Fig. 8 starts from maximum 0.5 and 0.2 respectively and
decreases gradually as infected population also decreases in Fig. 7.

Simulations with Differential Treatment y(kly)
Regimes

We investigate the effects on the total infected human populations when effective treatment is only available to a
proportion 0 < k < 1 of the infected population in Fig. 9. This scenario happens for a variety of reasons including, lack of
medical facilities in some communities, as well as affordability for the cost of treatment. The labels “p251",

“p501," and “pl," in Fig. 9 represents respectively, the effect on the total infected human populations, when 25, 20 and
100% of the infected population receive treatment.

Figure 9 shows that the total infected human populations decrease faster, when treatment is accessible to a greater

proportion of those infected.

Results and Discussion

One important tactic in malaria management, the impact of prevention on lowering the vector population by raising
their mortality rate Eq. (1), is a distinctive and new aspect of our model. Increasing the vector mortality rate is the goal of
a percentage ca of the preventative effort a, where ¢ ranges from 0 to 1. The results of our simulations demonstrate
unequivocally that lowering the parameter ¢ decreases the population of vectors. The sensitive human population is
reduced and the vector mortality rate is increased even higher when the preventive rate is increased (= ul).
Our treatment function Eq. (2), which accounts for the fact that only a fraction k of the afflicted population has access to
efficient therapy, is another distinctive aspect of our model. By raising the parameter x, our simulations demonstrate that
more detected patients will have access to treatment, resulting in a lower total human infection population. The lower the
number of affected individuals, the slower the rate of transmission. Actually, mosquitoes may spread malaria from one
untreated patient to another.

Conclusion

Prevention and quick, efficient treatment for malaria patients are the two most important factors in limiting the disease's
spread. The lower the number of affected individuals, the slower the rate of transmission. The ultimate goal of malaria
eradication must be the implementation of effective preventative measures in neighboring communities, which may serve
as a vaccine. The models demonstrate that a significant decrease in transmission may be achieved if half or more of the
vulnerable population adheres to the recommended preventative measures. By ensuring that everyone affected has access
to treatment, we can quickly  reduce the infected  population  via  efficient  means.
We derived the following suggestions from our simulation findings and the maxim that the

Quickly reducing the vulnerable population via adequate preventative measures and rapidly reducing the sick population
through effective treatment are the two most important factors in efficiently managing any infectious illness.
Strategies for preventing the spread of vectors include:

1. Indoor spraying with residual insecticides. This is when the inside of house structures is prayed once or twice a year
with insecticide spray. This activity should be regularly done since it reduces the proportion of the resident
mosquitoes whether susceptible or infectious

2. The use of insecticide-treated mosquito Nets (ITN). This reduces the contact rates

3. Larval control. This activity may be implemented through environmental modification such as draining and killing
or the use of larvacides

Treatment strategies must include:
1. Early diagnosis and effective treatment. Each untreated case becomes a reservoir for mosquitoes to further
transmit to other susceptible
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2. The use of WHO-approved Anti-malarial medications including Coartem 80/480, Hydroxyl-Chloroquine and
Fansidar (Sulfadoxine and Pyrimethamine)

In order to eradicate malaria, especially in developing countries, where most people cannot afford the cost of
treatment:

. Malaria medication must be free, or at least, highly subsidized in order to ensure a rapid reduction in the infected
population

. The prevention methods listed above must be
enforced in all contiguous neighborhoods
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