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Abstract— Determining a mathematical function known as a pseudospectrum that indicates the angle at which
a signal is impinging on the antenna array is known as "direction of arrival estimation." By concentrating
reception and transmission solely in the estimated direction, this estimation increases fidelity and provides a
means of suppressing interferers, making it an effective way to enhance the quality of service in a
communication system. The effectiveness of the method used for the estimation has a significant impact on this
improvement. There are numerous DOA algorithms, including ESPRIT, MUSIC, and Root-MUSIC. This study
examines how well these three algorithms perform in terms of complexity, accuracy as measured and described
by the CRLB, and memory needs across a range of array sizes and settings. The three high-resolution techniques
are shown to be reliant on the array size and operation conditions.
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I. INTRODUCTION

One of the areas of engineering that is expanding the fastest is wireless communication. The advancements in
communication equipment research and design have made this necessary [1], [2]. Cellular connectivity was the
first, followed by the internet to the point where these services are available at any time and from any location.
However, when the distance between the sending and receiving nodes increases, the Quality of rvice (QoS)
degrades.By intensifying and concentrating the transmission solely in the direction of the receiver and vice
versa for the receiver, estimating the direction of a transceiver is a useful technique for enhancing the quality
of service (QoS) between a node and a transceiver [3]—[5]. Antenna arrays having the additional ability to
predict the Direction of Arrival (DOA) of all incoming signals are used to do this.
The performance of the used algorithm plays a major role in the aforementioned improvement. The size of the
array, the amount of impinging signals, the distance between elements, and the number of snapshots utilized in
the estimate phase all affect how well a DOA method performs. There are numerous DOA methods, such as
those based on eigenvalue decomposition and quadratic types like CAPON. MUSIC
1. Waweru works at Dedan Kimathi University of Technology's Electrical & Electronic Engineering Department,
P.O. Box 657-10100, Nyeri (corresponding author, phone: +254724876363; email: waweru@ymail.com).
Konditi works at MultiMedia University College of Kenya's Department of Electrical and Communication
Engineering, P.O. Box 30305-00100, Nairobi.Langat works at Jomo Kenyatta University of Agriculture and
Technology's Telecommunication & Information Engineering Department, located at P.O. Box 62000-00200,
Nairobi.ESPRIT and variations on it. Algorithms based on eigenvalue decomposition manipulate the signal
autocorrelation matrix to produce signal and noise subspaces, from which the angles of arrival of impinging
signals are retrieved. In order to determine the best technique and design for a particular setting, this research
aims to evaluate the performance of three DOA algorithms based on the number of array elements and the Signal
to Noise Ratio (SNR).MATLAB software was used to build and simulate the MUSIC, Root-MUSIC, and
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ESPRIT algorithms for signals operating at 2.4GHz for a ULA with inter-element spacing of A. The Cramer-
Rao Lower Bound (CRLB) for DOA estimation is obtained in Section II of this study after the signal model of
a N element uniform linear array receiving M signals from directions 61, 02,..., O0M 1is derived.

11 I1I. The mathematical foundations of the three methods are briefly explained in Sections IV—VI. Section VII
presents the simulation findings, while Sections VIII and IX provide the discussion and conclusion, respectively.

IV.SIGNAL MODEL

1 2 3 N
— _‘:-| a’ I—-':J—

Fig. 1. Uniform linear array.

As illustrated in Fig. 1, consider a uniform linear array (ULA) with N identical elements spaced apart by d. At
an angle 0 to the array axis, a far field signal is impinging on this array. The line path from the source to the ith
element, using element 1 as the reference, is shorter than

that to the 1°* element. If the received signal at sensor 1 is
x1(t) = s(t), it is delayed at sensor i by
gﬂgile) g Fxlrrqt\yg? ( gx@z}g/):steenng vector and the noise subspace, therefore is a null for a particular

For a uniform lineararray-with N elements and M signals=)s1(t),s> Et),... ,sm(t) arriving from directions
U1,02,... Um, and in the presence of noise n(t), the received signal x(t) is
Then the received signal at sensor i is

(t) = eT@hx,(t) = ekdli-Dsindgpygiven by
Xt 2 £ xal 7) ®

(1) +n(t)
S 03 @ Putting received signals from all N elements together.Defining an
N xN autocorrelation matrix of the received signal
Ry« as
|
Xl(t)
Xz(t) I
I I
MR E = Erx(t)x" )} = ARLAY + 07l (8)
. H 2 2
l _ J l . JRSS = Efs(t)s ()} = diag{c, ....., Opy} )
xn () e IN-1)

eigenvectors making a subspace E=[ey, e,,..., ex
R, has N eigenvalues [Ay, A2,. .., An] and N associated
]. Sorting

Page |3


https://scholivox.com/journals/index.php/fece

Frontiers in Electronics and Communication Engineering
Volume 1 Issue 3 2025

where a(39)is called the steering vector.
If there are M signal sources, received by the array arriving at angles 4, 0»,..., 9u, we get a signal
model

x(t) = As(1) “4)

where the vector A is the array steering vector having the following vandermode structure.

1 1 |
—121,01 e_jzwz .. e_jz‘pM

ol T e

E can be decomposed into two subspaces:

the N eigenvalues from the smallest to the largest, the subspace

E = [81,..., en, €eM+1, .., EN] (10) <
En Es
= [Ev Es] (11)

En is the Nx(N — M) noise subspace composed of the eigenvectors associated with the noise,
whereas Es is the N x M signal subspace composed of the eigenvectors

e JIN-1)1 e J(IN—1)2 ..assoezfeg(yltgilhy'é’rMng signal.

array steering vector at the angles of arrival 99,0, 9%, othegonality of the noise subspace and the

V. CRAMER-RAO LOWER BOUND N
Cramer-RaoLower Bound provides an algorithm independent means of assessing and comparing the
accuracymatrix product a” (§)En E"a(9) is zero for this angles. The reciprocal of this matrix product creates
sharp peaks at the angle of arrival. Thus the MUSIC pseudospectrum i1s given
and performance of a DOA algorithm. The CRLB on the

variance of direction estimation errors provides a useful characterization of the achievable accuracy

1
o R oy eae) | (12
system. This is achieved by comparing the Mean Square Error(MSE) with the CRLB [6], [7].

The CRLB theorem states that for a length N vector of received signal x dependent on a set of
parameters P, and corrupted by additive noise, the variance of an unbiased estimate of the p estimate is
greater than the cramer-rao lower bound.

The CRLB of a DOA estimation problem is given byV. ROOT-MUSIC

This is a variant of MUSIC algorithm that employs more information than MUSIC [10]. Unlike MUSIC
which involves plotting the pseudospectrum against the angles and searching for the peaks, ROOT-
MUSIC involves finding the roots of a polynomial.

Starting with the pseudospectrum of MUSIC algorithm
6 ar(9) = CRLB =06)

P9 =
N (13)
r[N(N? — 1)(kd)? sin? 9]

VI. MUSIC
Multiple Signal Classification (MUSIC) is a popular high| a/ ()En EMa () |

defining C = En E", the denominator of equation 12 above canibe rewritten as
resolution algorithm based on eigenstructure technique. The main idea behind this DOA algorithm is that
of performing(3) = H (9)Ca(9) |

14)
igenvalue decomposition on the correlation matrix [8], [9], separating it into two subspaces: signal subspace
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and the noise subspace. Since the signal subspace is spanned by the array steering vector of the received
signals, this makes the steering vector orthogonal to the noise subspace. The product of thethe m® element
am(9) of the array steering vector is defined as

am(9) = ekdmsind m=0,1,...,N —1 (15)

The denominator, thus can be rewritten as
N=1 Nl > =
a' (ﬁ)ca(ﬁ) = e-jkdm sin ﬂcmnejkdn sin 9
m=0n=0 N—1

-] o o (-] o o o (-] o o
1 2 3 -1 5 6 7 8 9 10
(16) (-] o © (-] o o o (-] o
= 1 2 3 4 5 6 7 8 9
A=—N+1 o -] © o O 2 (-] o ©
2 3 -+ 5 6 7 8 9 10
(-] -] o (-] (-] o o
1 2 3 4 5 6 7
(-] (-] o o © o
-4 5 6 7 8 9 10
© o o (-] o
1 2 3 - 5
o o (-] L] ©
CAejde sin @ 6 7 8 9 10

where Ca is the sum of the elements along the
/" diagonal of C.

Letting z = e7k9sinY equation 16 above simplifies to
>
D(z) ==
CAZA (17)
A=—N+1

The roots of D(z) that lie closest to the unit circle correspond to the poles of the MUSIC pseudospectrum.
These 2(N — 1) roots can be written as

zi =| zi | efaratzi ), i=1,2,..., 2(N — 1) (18) Choosing those roots inside

the unit circle whose magnitude o
| zi | * 1, and comparing e/r9(zi ) to e~Ikdsin? giveg

Fig. 2. ULA decomposition in ESPRIT algorithm.

From equation 20, correlation matrices Ri1 and Ry, of the signals in the two subarrays can be estimated
as

9 = —sin~t 99Z (19)
deRIT’Rn = E{x1()x" (1)} 1
Ry, = E{x(t)xH (t)}(23) 2

Estimation of Signal Parameters via Rotational Invariance Technique (ESPRIT) algorithm involves
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decomposing an N element array into two identical subarrays each with S elementigen-decomposing R11 and
R2 result in two signal subspace E1 and E» respectively. Defining a 2M x 2M matrix C from the two
subspaces such that

[8], [11]. The objective of ESPRIT algorithm is to estimate the angle of arrival by determining the rotation
operator ®.the separation distance between the two subarrays is A(measured in wavelengths). Fig. 2

show a ten element linear
EH

1 c=
L E, E> 2
[ j
=EcA H <
(24)
array and possible subarray configurations for =9, 7 and 5 elements respectively (A=1, 3 and 5). The 1°¢
element in the subarray is the first element in the first subarray whereas the (A + 1) element of the
original sensor is the first elementc is a 2ZM x 2M matrix obtained by eigenvalue decomposition of
Csuchthat A1 = A> =>... = Aonm and A = diag{A1 Az ... Ao ).
Partitioning Ec into four M x M submatrices such that
in the second subarray. Letting

N-Number of elements in the original arrayEc =£11 E12

E21 E22(25)
S_X%@i%ﬁe%%e}e% n;[lsl’l xea(%1 ggbt%pcral}é%\/e[i%u&n sblgng %igl{lﬁéstl\l%/%ﬂ%ethr%tgé]t%g a3/1')era‘[or is estimated as=
1 2 22
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subarrays, corrupted by additive white gaussian noise ni(t)
and n,(t) respectivelyFrom M eigenvalues of @, angles of arrival can be estimated

Ai as
o =sin 29A) 27)

! 1 (20) kA
Xx2(t) = Ads(t) + no(t)

where xi1(t), x2(t), ni(t) and ny(t) are M x 1 matrices. A is the S X M steering matrix and the variable
® is M x M diagonal matrix called the rotation operator.
® = diag{eitl, ev2 . M ) (21)
where
Yi=—2kAsinG; 1<i<M (22)
vi. SIMULATION RESULTS
Simulations were done in MATLAB software for angles of arrival 91 = —64°, 9, = 0°, %, = 23°

and 91 = 58° respectively. The array size was held to 8 elements as the values of SNR were varied
from 0-100dB in steps of 20dB. This was repeated holding SNR to 50dB and varying the array size

from 5-100 elements.
. 'uNH':mH
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Fig. 3.

Fig. 3 shows the performance of MUSIC algorithm

Performance of MUSIC algorithm DISCUSSION

o

in various operating conditions. Fig.
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Fig. 4. Performance of Root-MUSIC

signal from certain direction are small and the response is almost flat. It is thus difficult to exactly extract
the angles of arrival. As the values of SNR increase, however, the resolution of the algorithm is

observed to improve
considerably and the spikes become more definite. This is attributed to the fact that for low SNR
the difference between the eigenvalues associated with the signal and those associated with the noise
become smaller and the peaks
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(c) MSE of Root-MUSIC for varying SNR (d) MSE of Root-MUSIC for varying array size
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(e) MSE of ESPRIT for
varying S
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NR (f) MSE of ESPRIT for varying array size

. 5. MSE in various environments

TABLE 1
ACCURACY OF ESPRIT FOR VARYING SNR

SNR -64° O0° 23° 58°

0dB -62.8826 1.3855 35.1460  [57.0785
10dB -65.4913  |-0.0669  |28.2430  |57.5258
20dB -64.3173  0.1507 24.2929  |58.9783
30dB -64.0421 0.0655 23.2738  |58.3887
40dB -64.0120  |-0.0120  |22.8796  |58.0220
50dB -64.0092  (0.0001 23.0749  |57.9863
60dB -63.9981 0.0026 23.0057  |57.9986
70dB -64.0011 0.0004 22.9964  |58.0001
80dB -63.9997  10.0004 22.9997 |58.0010
90dB -63.9999 |0 22.9994  |58.0000
100dB  |-64.0000 [0 22.9997  |57.9999

TABLE I

ACCURACY OF ESPRIT FOR VARYING ARRAY SIZE1° and 3,=0° in different environments. From
this, it is clear that Root-MUSIC is a high resolution DOA algorithm which can estimate two closely spaced
angles of arrival as two angles and not one.

Fig. 4e and 4f depicts the accuracy of the Root-MUSIC for a signal impinging on the array
specifically at 23° for varying values of array size and SNR. It can be observed that the performance
of this algorithm is less dependent on the array size but largely on the operating environment but it
anyhow improves with the improvement of either.

Tables I and II shows the response of the ESPRIT algorithm to varying values of SNR and array size.
As in the other two algorithms, the resolution is very poor for low values of SNR and improves as the
SNR values increase. Minimal variation in the accuracy of the algorithm with the array size is observed.
Fig. 5 summarizes the performance of the three algorithms in terms of the Mean Square Error (MSE)
and in comparison with CRLB as the values of the SNR and the array sizes arevaried. Four angles

of arrival )= —36°, $,= —3°, 91 =therefore become smaller with respect to the noise levels.
With increase in SNR, the difference between the two sets of eigenvalues is substantial and the peaks
are bigger with respect to the noise levels.

Fig. 3b depicts the response of the MUSIC algorithm to varying number of snapshots. It can be seen from
the figure that for 20 snapshots the response has less pronounced spikes. The resolution is seen to improve
with increase in the number of snapshots from 20 to 200,000. The number of snapshots affect the correlation
between the received signals. For less snapshots, the received signals seem more correlated making it difficult
to distinguish between them.

The response of MUSIC algorithm to the array size is as shown in Fig. 3c. From the figure, it can be seen
that for 5 elements, the spikes are very definite and exactly correspond the the angles of arrival. As the array
size increase, the resolution improves and the extraction of the angle of arrival becomes easier. An extract of
the pseudospectrum for N=5 and N=200 are shown in Fig. 3d and 3e respectively.

MUSIC pseudospectrum for two closely spaced signals separated by 1° i.e. 1=-1° and 3,=0" is captured
in Fig. 3f for N=8 and SNR=100dB. From the figure, the two angles of arrival can be exactly extracted making
MUSIC algorithm a high resolution DOA algorithm.

Fig. 4a shows the behaviour of root-MUSIC algorithm for varying values of SNR. From the figure, it can
be seen that the accuracy is poor for 0dB SNR and improves as the SNR increases from 0dB to 100dB. The
response of Root-MUSIC to variation in the array size is shown in Fig. 4b. It can be observed from the figure
that the variation of the estimated angle of arrival is minimal with increase in the array size.

Fig. 4c and 4d presents two signals separated by 1°, i.e $h=-0° and 1 = 87° (two closely spaced and one
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near endfire). From Fig. 5a-5e, it can be observed that the MSE diminishes with increase in both SNR and
array size and the performance approaches the CRLB. However, variation of MSE with the array size is flat
and approaching the CRLB behaviour for ESPRIT algorithm as captured in Fig. 5f.

vi. CONCLUSION

VIILIt is clear from the foregoing discussion that the three DOA algorithms built in MATLAB and their reaction to
different parameters are high resolution algorithms. This is based on how accurately the angles of arrival are
calculated. The three algorithms are extremely sensitive to the signal to noise ratio (SNR), and it is discovered
that as the SNR increases, the algorithms' resolution improves. The number of elements that make up the
antenna array is also found to significantly boost resolution. While root-MUSIC needs comparatively more
elements than MUSIC in a high SNR environment with average snapshots, MUSIC algorithms work well with
an array that has few array elements in an environment with high SNR. In contrast, the ESPRIT algorithm can
outperform the other two in a situation with low SNR and is less reliant on array size.
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